We show that if M is an oriented closed geometric four manifold the following notions are equivalent,
Introduction
A geometry, in the sense of Thurston, is a complete simply connected Riemannian manifold X such that the group of isometries acts transitively on X and contains a discrete subgroup with compact quotient. The maximal four dimensional geometries were classified by Filipkiewicz [1] . In this note we will focus on the minimal entropy problem for geometric 4-manifolds.
The minimal entropy h(M ) of a closed manifold M is the infimum of the topological entropy of C ∞ Riemannian metrics on M with volume 1. A metric g is entropy minimizing if it achieves this infimum h top (g) = h(M ), when such a metric exists we say the minimal entropy problem can be solved for M .
The minimal entropy h(M ) of an n-manifold M is related to its simplicial volume ||M ||, volume entropy λ(M ) and minimal volume MinVol(M ) according to the inequality below, n n/2 n! ||M || ≤ λ(M ) n ≤ h(M ) n ≤ (n − 1) n MinVol(M ).
1
The simplicial volume and minimal volume were defined by Gromov in the seminal paper [2] . Both the simplicial volume and volume entropy are homotopy invariant. However L.Bessières [3] has shown that the minimal volume MinVol(M ) depends on the differentiable structure of M . The question of wether the minimal entropy is homotopy invariant is so far unresolved.
The main tool we will use to show these invariants vanish are a sort of local of torus actions called a T -structure. J.Cheeger and M.Gromov [4] showed that if a manifold M admits a polarised T -structure then MinVol(M ) = 0. Being polarised is a rather restrictive imposition for a T -structure to have. Then G.Paternain and J.Petean proved that if M admits any T -structure its minimal entropy would vanish, h(M ) = 0 [5] .
The relevant definitions will be reviewed in the next section. Let V and H be the following sets of four dimensional geometries,
Together, V and H constitute all the four-dimensional geometries that admit compact quotients. There is one further geometry, called F 4 , which does not admit compact models. Nonetheless there exist complete manifolds with finite volume modelled on it.
Theorem A. Let M be an oriented closed geometric four manifold. Then the following notions are equivalent, i) M has zero minimal entropy, h(M ) = 0. ii) M collapses with bounded curvature, i.e. Vol K (M ) = 0.
iii) The simplicial volume of M vanishes, ||M || = 0. iv) M admits a T -structure. v) M is modelled on a geometry in V.
We now summarize the steps taken to prove of this theorem. For S 4 and CP 2 , the only manifolds modelled on these geometries are S 4 , RP 4 and CP 2 . All of which have S 1 -actions and thus admit a T -structure.
, then M admits a globally defined S 1 -action which defines a T -structure. In the case of M being modelled on S 2 × E 2 or H 2 × E 2 , then M is Seifert Fibred. Hence M admits a T -structure, because circle actions can defined in the fibres and these behave well.
When M is modelled on Sol 4 m,n or Sol 4 0 , M turns out to be a mappping torus of T 3 . Using this description M can be given a T -structure. Manifolds modelled in the remaining geometries can also be thought of as compact complex surfaces. For S 2 × S 2 and S 2 × H 2 , the manifolds M are diffeomorphic to complex ruled surfaces. As such, that they admit T -structures was shown by G. Paternain and J. Petean [6] . But we will also describe a T -structure on manifolds which are foliated by S 2 or RP 2 , which include all these cases. Finally the flat case, all but four manifolds here are also Seifert fibred. Also if M is a manifold modelled on E 4 , then M has the structure of a compact complex Kähler surface. In fact, it can only be a complex torus or a hyperelliptic surface. From which it follows that M admits a T -structure [6] .
Relying heavily on results of W.Thurston and M.Gromov [2] we can then see that Theorem A is complemented by, Theorem B. Let M be an oriented closed geometric four manifold. Then the following are equivalent,
In dimension three J. Anderson and G. Paternain proved (Theorem 2.9 in [7] ) that for a geometric 3-manifold M it is equivalent for its simplicial volume, minimal entropy or minimal volume to vanish and for M to be a graph manifold .
Recall that if a geometric 3-manifold M admits a geometric structure modelled on a geometry which is not H 3 then M is a graph manifold. Also, by the results of G. Besson, G.Courtois and S. Gallot [8] if M is modelled on H 3 then the minimal entropy of M is strictly positive and it is achieved by the hyperbolic metric.
In the same vein theorems A and B make to the vanishing of the minimal entropy an obstruction to the manifold being hyperbolic in the extended sense of it being modelled in a geometry in H.
When a manifold M admits a geometric decomposition into pieces with geometries of the form S 2 × X 2 , where X 2 is a 2-dimensional geometry, then M admits a foliation by spheres S 2 or real projective planes RP 2 . Theorem C. Let M be a four-manifold which is foliated by S 2 or RP 2 then M admits a T -structure.
This last result makes it constructively clear how manifolds with geometric decompositions with pieces in the geometries of the form S 2 × X 2 admit T -structures. Without need to appeal to the corresponding results that make use of complex geometry.
The minimal entropy problem for geometric four manifolds has been partially treated by Paternain and Petean [6] . They have shown that if M admits a geometric structure modelled on It follows from Theorem A that the minimal entropy problem cannot be solved for manifolds modelled on these geometries. Since we have endowed them with T -structures.
On the other hand for manifolds modelled on H 4 and H 2 (C) the work of Besson, Courtois and Gallot implies that the minimal entropy problem is solved by their respective hyperbolic metrics [8] .
The question of wether the metric induced as a quotient is entropy minimizing or indeed if the minimal entropy can be solved for the geometry
Preliminaries and Proofs.
The simplicial volume ||M || of a closed orientable manifold is defined as the infimum of Σ i |r i | where r i are the coefficients of a real cycle representing the fundamental class of M .
For a closed connected smooth Riemannian manifold (M, g), let Vol(M, g) be the volume of g and let K g be its sectional curvature. We define the following minimal voumes [2] :
and
The vanishing of Vol K (M) implies that the simplicial volume of M is also zero. A T -structure on a smooth closed manifold M is a finite open cover (
of M with a non-trivial torus action on each U i such that the interesections of the open sets are invariant (under all corresponding torus actions) and the actions commute. A T -structure is called polarised if the torus actions on each U i are locally free and in the intersection of the orbits (of the corresponding torus action) is constant. the structure is called pure if the dimension of the orbits is constant. Theorem 1. PB Let M be a closed orientable geometric manifold modelled on a geometry X in V. Then M admits a T -structure and hence has vanishing minimal entropy, h(M ) = 0. Which we will prove by endowing the geometries in V with particular Tstructures.
Theorem 2. GB If M is a geometric manifold modelled on a geometry in H then ||M || > 0. Theorems A and B will follow from Theorems 1 and 2 and the string of inequalities mentioned above.
Proof of GB. Let M be a closed geometric manifold of finite volume. By Thurston's theorem, for V a complete Riemannian n-manifold of finite volume, and H 2 (C). Let M be a closed manifold modelled on H 2 × H 2 then we can use Gromov's Proportionality Theorem [2] to see that ||M || > 0. if the universal coverings of two closed Riemannian manifolds M and N are isometric, then
Consider the product of two hyperbolic surfaces N = S 1 × S 2 , which is modelled on
Since the simplicial volume of a product of closed manifolds is bounded by the product of their respective simplicial volumes we have ||N || ≥ C||S 1 ||||S 2 || > 0 for a constant C (see [2, p.10] ). Therefore using the Proportionality Theorem ||M || > 0 for any closed manifold M modelled on H 2 × H 2 .
2.1. Geometries with a global S 1 -action.
Theorem 3. A closed geometric manifold M modelled on one of the geometries
Since this characteristic subgroup is central in the identity component of the isometry subgroup, these closed geometric 4-manifolds admit a global S 1 -action, given by translations along R, which is locally free [9] . This action is globally defined, it is clear that it is locally free and with orbits of the same dimension. Hence it determines a pure polarised T-structure on the given manifold M modelled on X
4
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Corollary. If a closed manifold M is modelled on one of the geometries S
3 × E, H 3 × E, SL 2 × E, Nil 3 × E, Sol 3 × E, Nil 4 or Sol
Seifert Fibred Geometries.
Let S be a geometric manifold modelled on
Ue has proved [10, 11] that these geometric manifolds are actually Seifert fibred spaces. Definition 1. A 4-manifold is Siefert fibred if it is the total space of an orbifold bundle with general fibre a torus or a Klein bottle, over a 2-orbifold.
Let π : S → B be such a fibration, with S a geometric manifold modelled in one of the geometries mentioned above and B the orbifold base of the fibration.
Unfortunately for E 4 all but four manifolds are Seifert fibred, so we shall deal with the Euclidean case a bit later.
Let T 2 be the standard torus and G ⊂ O(2) a discrete subgroup viewed as a group of Euclidean isometries. For a point p ∈ B and a neiborhood U of p, π
is the open unit complex disk |z| ≤ 1 in C and G is the stabilizer at p, which acts freely on T 2 × D 2 . For G non-trivial, there are three cases to consider, cyclic groups of rotations Z m , reflection groups Z 2 and dihedral groups D 2m . (ii) G ∼ = Z 2 ∼ =< ℓ >. Where ℓ is a reflection on the second factor of T 2 and on
. This is the isotropy subgroup corresponding to points on a reflector line or circle. In this case the fibre over p is a Klein bottle K and π
This is a dihedral group, the isotropy subgroup of corner reflector points of angle π m , with actions. Proof. 
by ϕ(θ, x, y, z) = (x + θ, y, z). And now we consider the various cases for G, the isotropy subgroup at p ∈ U .
Let
When G ∼ = D 2m it suffices to prove that ϕ commutes with both generators ℓ and ρ. Proof. Let π : S → B be a Seifert fibred smooth 4-manifold, over the orbifold B.
That is, S is the total space of an orbifold bundle with general fibre a torus or a Klein bottle, over a 2-orbifold.
For the Seifert fibration π : S → B let N i be open annular neighbourhoods of the circle refelectors C i of B.
/G, as in the linear S 1 action lemma. In these cases we have that G is either trivial or isomorphic to Z p . As B 0 is compact we may choose a finite subcovering U i of U.
Notice that for G trivial we have that (
By the natural restriction π| B0 : S → B 0 we obtain a principal bundle with fibre
These give rise to the transition functions,
Recall that for the fibre bundle S → B, a framing (l, h) was chosen for the lattice of the generic fibre
Hence the transition functions can be regarded as Ψ ij (z) ∈ GL(2, Z). That is, the structural group of the bundles reduces to this linear one.
Since these transition functions are linear matrices the fact that The linear S 1 -actions defined previously behave well with respect to these transition functions , since they are just linear matrices. Showing these actions then commute in the intersections π −1 (U i ) ∩ π −1 (U j ) is an easy exercise in linear algebra. So far we've defined a T -structure on B 0 . Now we have to exhibit a T -structure on the neiborhoods N i of the reflector circles C i . Consider N i , the closure of N i , and take a finite subcovering {V k } by open subsets in which we defined the circle actions. Let γ i denote the boundary of N i which is not C i . Then the corresponding actions in the sets U j in B 0 and V k in N i commute in the intersection of these sets.
This follows from the fact that the fibration on N i is described with respect to the framing (l i , h i ) of the general fibre on N i . Now π −1 (N i ) is attached to π −1 (B 0 ) so that (l i , h i ) = P i (l, h) for some P i ∈ SL(2, (Z)). Once more the matrices involved here behave well, so that the actions commute in the intersection of these sets.
Therefore we have exhibited a T -structure for the Siefert fibred 4-manifold S.
Corollary 1.
A geometric manifold modelled on any of the geometries
Corollary 2. Complete manifolds modelled on F 4 admit T -structures.
Proof. Manifolds modelled on F 4 are Seifert fibred over a punctured hyperbolic base orbifold.
In the Euclidean case all but 4 of the E 4 -manifolds are Seifert fibred. But here we can appeal to the complex structure they are endowed with. From Wall's classification [12] if a manifold M is modelled on E 4 then M is a complex torus or a hyperelliptic surface. Paternain and Petean have shown both these cases can be edowed with a T -structure [6] . Hence if a manifold M is modelled on E 4 then it admits a T -structure.
Solvable Lie Geometries.
Of the three solvable Lie geometries we have already dealt with Sol when (m = n), then M admits a T -structure.
Proof. Firstly we recall [9] , that if M admits one of these two geometries then M is the mapping torus M f of a homeomorphism of
Furthermore we also know that its fundamental group is Z ⋊ A Z for some A ∈ SL(3, Z), as we are assuming M is orientable. We know that any diffeomorphism of T 3 is isotopic to an affine transformation [13] . In this case f is isotopic to the transformation induced by A on T 3 . Denote by M A the mapping torus of T 3 under the transformation induced by A. It follows that M f is diffeomorphic to M A .
So we may take any non-trivial linear action ϕ of T n on T 3 , and by a matrix lemma analogous to the one used in the Seifert Fibred case, this is extended to a τ -structure on M A . Since the action ϕ commutes in the identified T 3 × {0} and T 3 × {1}, as the identification is based on the matrix A. Therefore M admits a T -structure.
Remark; Since the Inoue surfaces are exactly the complex surfaces admitting one of the geometries Sol 4 0 or Sol 4 1 we can also endow these with T -structures using the construction above.
Sphere foliations.
It now remains to show that when a manifold M is modelled on a geometry of type S 2 × X 4 , where X 4 is a 2-dimensional geometry, then M admits a T -structure.
In fact we will take this further in the context of geometric decompositions.
Definition 2. An n-manifold M admits a geometric decomposition if it has a finite collection of 2-sided hypersurfaces S such that each component of M −S is geometric of finite volume.
Conveniently enough Hillman has shown that if a manifold M admits a geometric decomposition into pieces modelled on geometries of the type S 2 × X 4 then M is foliated by S 2 or RP 2 [9] . We use this description and prove the following.
Notice this would still be the case for n-manifolds foliated by spheres or projective planes, whose structure group reduces to O(2). That is, these manifolds also admit T-structures and have zero minimal entropy.
